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If humanity ever makes contact with alien intelligences, will those aliens
possess computers? In science fiction, alien computers are commonplace. If
that's correct, it means there is some way aliens can discover computers
independently of humans. After all, we'd be very surprised if aliens had
independently invented Coca-Cola or Pokémon or the Harry Potter books.
If aliens have computers, it’s because computers are the answer to a

question that naturally occurs to both human and alien civilizations.

Here on Earth, the principal originator of computers was the English
mathematician Alan Turing. In his paper, published in 1936, Turing wasn’t
trying to invent a clever gadget or to create an industry. Rather, he was
attacking a problem about the nature of mathematics posed by the German
mathematician David Hilbert in 1928. That sounds abstruse, but it’s worth
understanding the gist of Hilbert and Turing’s thinking, since it illuminates

where computers come from, and what computers will become in the
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future.

Through his career, Hilbert was interested in the ultimate limits of
mathematical knowledge: what can humans know about mathematics, in
principle, and what (if any) parts of mathematics are forever unknowable by
humans? Roughly speaking, Hilbert’s 1928 problem asked whether there
exists a general algorithm a mathematician can follow which would let them
figure out whether any given mathematical statement is provable. Hilbert’s
hoped-for algorithm would be a little like the paper-and-pencil algorithm
for multiplying two numbers. Except instead of starting with two numbers,
you'd start with a mathematical conjecture, and after going through the
steps of the algorithm you’d know whether that conjecture was provable.
The algorithm might be too time-consuming to use in practice, but if such
an algorithm existed, then there would be a sense in which mathematics

was knowable, at least in principle.

In 1928, the notion of an algorithm was pretty vague. Up to that point,
algorithms were often carried out by human beings using paper and pencil,
as in the multiplication algorithm just mentioned, or the long-division
algorithm. Attacking Hilbert’s problem forced Turing to make precise
exactly what was meant by an algorithm. To do this, Turing described what
we now call a Turing machine: a single, universal programmable computing

device that Turing argued could perform any algorithm whatsoever.

Today we’re used to the idea that computers can be programmed to do
many different things. In Turing’s day, however, the idea of a universal
programmable computer was remarkable. Turing was arguing that a single,
fixed device could imitate any algorithmic process whatsoever, provided the

right program was supplied. It was an amazing leap of imagination, and the
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foundation of modern computing.

In order to argue that his machine could imitate any algorithmic process,
Turing considered what operations a human mathematician could perform
when carrying out an algorithm. For each such operation, he had to argue
that his machine could always do the same thing. His argument is too long
to reproduce in full here, but it’s fun and instructive to see the style of

Turing’s reasoning:

Computing is normally done by writing certain symbols on paper. We
may suppose this paper is divided into squares like a child’s arithmetic
book. In elementary arithmetic the two-dimensional character of the
paper is sometimes used. But such a use is always avoidable, and I think
that it will be agreed that the two-dimensional character of paper is no
essential of computation. I assume then that the computation is carried
out on one-dimensional paper, i.e. on a tape divided into squares. .. The
behavior of the computer [Turing is referring to the person performing
an algorithm, not the machine!] at any moment is determined by the
symbols which he is observing, and his “state of mind” at that moment.
We may suppose that there is a bound B to the number of symbols or
squares which the computer can observe at one moment. If he wishes to
observe more, he must use successive observations. We will also suppose
that the number of states of mind which need be taken into account is

finite.

Obviously, this was an informal and heuristic argument! Invoking a child’s
arithmetic book, or someone’s mental state is not the stuff of a rigorous,
bulletproof argument. But Turing’s argument was convincing enough that

later mathematicians and scientists have for the most part been willing to
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accept it. Turing’s machine became the gold standard: an algorithm was
what we could perform on a Turing machine. And since that time,
computing has blossomed into an industry, and billions of computers based

on Turing’s model have been sold.

Still, there’s something discomforting about Turing’s analysis. Might he
have missed something in his informal reasoning about what an algorithm
is? In 1985, the English physicist David Deutsch suggested a deeper
approach to the problem of defining what is meant by an algorithm!?!,
Deutsch pointed out that every algorithm is carried out by a physical
system, whether it be a mathematician with paper-and-pencil, a mechanical
system such as an abacus, or a modern computer. Deutsch then considered

the following question (I've slightly rephrased to make it easier to read):

Is there a (single) universal computing device which can efficiently

simulate any other physical system?

If there was such a device, you could use it to perform any algorithm
whatsoever, because algorithms have to be performed on some kind of
physical system. And so the device would be a truly universal computer.
What’s more, Deutsch pointed out, you wouldn’t need to rely on informal,
heuristic arguments to justify your notion of algorithm, as Turing had done.

You could use the laws of physics to prove your device was universal.

So let’s come back to our opening question: will aliens have computers?
Deutsch’s question above is a simple, fundamental question about the
nature of the universe. It’s the kind of question which alien counterparts to

Deutsch could plausibly come to ponder. And the alien civilizations of
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which they are a part would then be led inexorably to invent computers.

In this sense, computers aren’t just human inventions. They are a
fundamental feature of the universe, the answer to a simple and profound
question about how the universe works. And they have likely been

discovered over and over again by many alien intelligences.

There’s a wrinkle in this story. Deutsch is a physicist with a background in
quantum mechanics. And in trying to answer his question, Deutsch
observed that ordinary, everyday computers based on Turing’s model have
a lot of trouble simulating quantum mechanical systems!?!. In particular,
they seem to be extraordinarily slow and inefficient at doing such
simulations. To answer his question affirmatively, Deutsch was forced to
invent a new type of computing system, a quantum computer. Those quantum
computers can do everything conventional computers can do, but are also
capable of efficiently simulating quantum-mechanical processes. And so
they are arguably a more natural computing model than conventional
computers. If we ever meet aliens, my bet is that they’ll use quantum
computers (or, perhaps, will have quantum computing brains). After all, it’s
likely that aliens will be far more technologically advanced than current
human civilization. And so they’ll use the computers natural for any

technologically advanced society.

This essay explains how quantum computers work. It’s not a survey essay, or
a popularization based on hand-wavy analogies. We're going to dig down
deep so you understand the details of quantum computing. Along the way,
we’ll also learn the basic principles of quantum mechanics, since those are

required to understand quantum computation.
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Learning this material is challenging. Quantum computing and quantum
mechanics are famously “hard” subjects, often presented as mysterious and
forbidding. If this were a conventional essay, chances are that you'd rapidly
forget the material. But the essay is also an experiment in the essay form. As
I'll explain in detail below the essay incorporates new user interface ideas to help
you remember what you read. That may sound surprising, but uses a well-
validated idea from cognitive science known as spaced-repetition testing.
More detail on how it works below. The upshot is that anyone who is
curious and determined can understand quantum computing deeply and

for the long term.

That said, you need some mathematical background to understand the
essay. I'll assume you're comfortable with complex numbers and with linear
algebra — vectors, matrices, and so on. I'll also assume you’re comfortable
with the logic gates used in conventional computers — gates such as AND,
OR, NOT, and so on.

If you don’t have that mathematical background, you’ll need to acquire it.
How you do that depends on your prior experience and learning
preferences — there’s no one-size-fits-all approach, you’ll need to figure it
out for yourself. But two resources you may find helpful are: (1)
3BluelBrown’s series of YouTube videos on linear algebra; and (2) the more
in-depth linear algebra lectures by Gil Strang. Try them out, and if you find

them helpful, keep going. If not, explore other resources.

It may seem tempting to try to avoid this mathematics. If you look around
the web, there are many flashy introductions to quantum computing that
avoid mathematics. There are, for instance, many rather slick videos on

YouTube. They can be fun to watch, and the better ones give you some
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analogies to help make sense of quantum computing. But there’s a
hollowness to them. Bluntly, if they don’t explain the actual underlying
mathematical model, then you could spend years watching and rewatching
such videos, and you'd never really get it. It’s like hanging out with a group
of basketball players and listening to them talk about basketball. You might
enjoy it, and feel as though you're learning about basketball. But unless you
actually spend a lot of time playing, you're never going to learn to play
basketball. To understand quantum computing, you absolutely must

become fluent in the mathematical model.

Part I: The state of a qubit

As you know, in ordinary, everyday computers the fundamental unit of
information is the bit. It’s a familiar but astonishing fact that all the things
those computers do can be broken down into patterns of Os and 1s, and
simple manipulations of Os and 1s. For me, I feel this most strongly when
playing video games. I'll be enjoying playing a game, when I'll suddenly be
hit by a realization of the astounding complexity behind the imaginary

world visible on my screen:
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Underlying every such image is millions of pixels, described by tens of
millions of bits. When I move the game controller, I am effectively
conducting an orchestra, tens of millions strong, organized through many
layers of intermediary ideas, in such a way as to create enjoyment and

occasionally sheer delight.

I've described a bit as an abstract entity, whose state is 0 or 1. But in the real
world, not the world of mathematics, we must find some way of storing our
bits in a physical system. That can be done in many different ways. In your
computer’s memory chips, bits are most likely stored as tiny electric charges
on nanometer-scale capacitors (i.e., little reservoirs of charge), just above the
surface of the chip. Old-fashioned hard disks take a different approach,
using tiny magnets to store bits. Furthermore, different types of memory

use different types of capacitor; different types of hard disk use different
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approaches to magnetization.

For the most part you don’t notice these differences when you use your
computer. Computer designers work very, very hard to make the details of
the physical instantiation of the bits invisible not just to the user, but also
(often) invisible even to programmers. Many programmers never think
about whether a bit is stored in fast on-microprocessor cache memory, in
the dynamic RAM chips, or in some type of virtual memory (say, on a hard
disk). There are exceptions — programmers working on high-performance
programs sometimes do think about these things, to make their programs
as fast as possible. But for many programmers it doesn’t much matter how
bits are stored. Rather, they can think of the bit in purely abstract terms, as

having a state which is either 0 or 1.

In a manner similar to the way conventional computers are made up of bits,
quantum computers are made up of quantum bits, or qubits. Just like a bit, a
qubit has a state. But whereas the state of a bit is a number (0 or 1), the state
of a qubit is a vector. More specifically, the state of a qubit is a vector in a two-

dimensional vector space. This vector space is known as state space. For instance,

o]

That perhaps sounds strange! What does it mean that the state of a qubitis a

here’s a possible state for a qubit:

two-dimensional vector? We're going to unpack the answer slowly and
gradually. You won’t have a single epiphany where you think “ahah, that’s
what a qubit is!” Rather, you'll gradually build up many details in your
understanding, until you get to the point where you’re comfortable working

with qubits, with quantum computations, and more generally with quantum
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mechanics.

One way qubits are similar to bits: we’'ve said absolutely nothing about what
the qubit actually is, physically. Maybe the state of the qubit is being stored
somehow on an electron, or a photon, or an atom. Or maybe it’s being
stored in something stranger, perhaps inside some exotic particle or state of

matter, even further removed from our everyday experience.

For our purposes in this essay none of this matters, no more than you
should worry about what type of capacitor is storing the bits inside your
computer’s RAM. What you should take away is that: (a) qubits have a state;
(b) much like a bit, that state is an abstract mathematical object; but (c)
whereas a bit’s abstract state is a number, 0 or 1, the state of a qubit is a 2-
dimensional vector; (d) we call the 2-dimensional vector space where states

live state space.

Alright, let’s review what we’ve learnt. Please indulge me by answering the
questions just below. It'll only take a few seconds — for each question, think
about what you believe the answer to be, click to reveal the actual answer,
and then mark whether you remembered or not. If you can recall, that’s

great. If not, that’s also fine, just note the correct answer, and continue.

A medium which makes memory a choice

Perhaps you correctly recalled the answers to all three questions just now.
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Even if so, will you remember the answers in a week? In a year? Human
memory is fallible. If your memory is like mine, you might vaguely
remember the answers in a week: “what’s the state of a qubit, oh yes, it’s a
vector!” But the chances you’ll remember in a month or a year are low. And
if you forget such things, you won’t have any durable understanding of

quantum Computing.

How can we ensure you don’t remember these answers for just a few

minutes or a few hours, but well into the future, perhaps even permanently?

One way is for you to be supremely virtuous, to keep coming back and re-
reviewing the material until it’s firmly locked in your memory. If you are
such a virtuous person, congratulations! But for the other 99 percent of us

that’s not likely. What can we do?

For more than a century, cognitive scientists have studied human memory.
And they’ve figured out some simple strategies that ensure you’ll remember
something permanently. The single most important idea is to re-test you on

your knowledge, with expanding time intervals between tests.

As an example, consider the question above: “How many dimensions does
the state space of a qubit have?” If you got it right, you'd ideally be tested
again in a few weeks. And if you got it right again, you'd be tested again a
few months after that. And so on, a gradually expanding schedule. If you get
the question wrong on one of those tests, the schedule would contract, so

you can relearn the answer.

It turns out that such an expanding schedule is the optimal way to retain

information. Each time you're re-tested your brain consolidates the answer
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a little better into long-term memory, until eventually it’s permanent.

Spaced-repetition testing is a simple idea, but has profound consequences.
First, it doesn’t take much overall time. Because of the expanding test
schedule, it typically only takes a few minutes of total review time to
memorize the answer to a question for years or decades. I won’t go through

the math showing that, but you can see it worked out elsewhere.

Second, spaced-repetition testing gives you a guarantee you will remember
the answer to the question. For the most part our memories work in a
haphazard manner. We read or hear something interesting, and hope we
remember it in future. Spaced-repetition testing makes memory into a

choice.

This sounds great, but also like you'll need to be very disciplined in re-
testing yourself. Fortunately, the computer can handle all the scheduling for
you. And so this essay isn’t just a conventional essay, it’s also a new medium,
a mnemonic medium which integrates spaced-repetition testing. The medium

itself makes memory a choice.

This comes at some cost: you're committing to future review. But consider
what that buys you. This essay will likely take you an hour or two to read. In
a conventional essay, you'd forget most of what you learned over the next
few weeks, perhaps retaining a handful of ideas. But with spaced-repetition
testing built into the medium, a small additional commitment of time
means you will remember all the core material of the essay. Doing this
won’t be difficult, it will be easier than the initial read. Furthermore, you'll
be able to read other material which builds on these ideas; it will open up an

entire world.
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This spaced-repetition approach is why the questions only require a few
seconds to read and answer. They’re not complex exercises, in the style of a
textbook. Rather, the questions have a different point: the promise each
question makes is that you will remember the answer forever. It’s to

permanently change your thinking.

To keep this promise, we're tracking your review schedule for each
question, and sending you occasional reminders to check in, and to run
through the questions which are due. You can review on your phone while
grabbing coffee, or standing in line, or going for a walk, or on transit. The
return for that commitment is greatly improved fluency in basic quantum
computing and quantum mechanics. And that understanding will be

internalized, a part of who you are, retained for years instead of weeks.

Thank you! Your progress will be
saved as you read.
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Having extolled the virtues of spaced-repetition testing, let’s try another

question:

This question is similar to an earlier question: “How many dimensions does
the state space of a qubit have?” It may seem inefficient to have such similar
questions, but it helps build fluency with the material when you have the
“same” information encoded into memory in multiple ways, triggering off
different associations. And so many of the questions below have this nature,

elaborating ideas in multiple ways.

Connecting qubits to bits: the computational basis
states

Let’s get back to understanding qubits. I've described what the state of a
qubit is, but given no hint about how (or whether) that’s connected to the
state of a classical bit. (Henceforth we’ll use the phrase “classical bit” instead
of “conventional bit”, after “classical physics”). In fact, there are two special
quantum states which correspond to the 0 and 1 states of a classical bit. The
quantum state corresponding to 0 is usually denoted |0). That’s a fancy

notation for the following vector:

0) := [
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This special state |0) is called a computational basis state.

It’s tempting to see the |0) notation and wonder what all the separate pieces
mean — what, for instance, does the | mean; what does the ) mean; and so
on’

In fact, it’s best to regard |0) as a single symbol, standing for a single

mathematical object — that vector we just saw above, [ é ] . The | and )

don’t really have separate meanings except to signify this is a quantum state.

In this,

0) is much like the symbol 0: both stand for a single mathematical
entity. And, as we’ll gradually come to see, a quantum computer can
manipulate |0) in ways very similar to how a conventional computer can

manipulate 0.

This notation with | and ) is called the ket notation, and things like |0) are
called kets. But don’t be thrown off by the unfamiliar terminology — a ket is
just a vector, and when we say something is a ket, all we mean is that it’s a

vector.

That said, the term ket is most often used in connection with notations like

|0). That is, we wouldn’t usually refer to [ é

instead. If you're a fan of really sharp definitions and strict consistency, this

] as a ket; we’'d call it a vector,
may seem vague and wishy-washy, but in practice doesn’t cause confusion.
It’s just a convention to be aware of!

Alright, so |0) is a computational basis state for a qubit, and plays much the
same role as 0 does for a classical bit. It won’t surprise you to learn that

there is another computational basis state, denoted |1), which plays the
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same role as 1 does for a bit. Like |0), |1) is just a notation for a two-

dimensional vector, in this case:

v-[2]

Again, we'll gradually come to see that |1) has all the properties we expect of

the 1 state of a classical bit.

Time for a few more questions. A reminder that these have a different
purpose to conventional textbook exercises. Textbook exercises are about
setting you challenges; the point of the questions below is instead to help

you commit the answer to long-term memory.

How to use (or not usel) the questions

Mathematics is a process of staring hard enough with enough
perseverance at the fog of muddle and confusion to eventually break
through to improved clarity. I'm happy when I can admait, at least to
myself, that my thinking is muddled, and I try to overcome the
embarrassment that I might reveal ignorance or confusion. Over the
years, this has helped me develop clarity in some things, but I remain

muddled in many others.

— William Thurston,
Fields-medal winning mathematician
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How should you think about it when you get one of these embedded
questions wrong? Often in life testing means being judged, and being
judged can be uncomfortable. If you don’t know the answer to a question

you may feel like you've failed.

But the purpose of these questions has nothing to do with external
judgment. Rather, they have two quite different purposes. One purpose is,
as explained earlier, to help strengthen your memory, so your new
knowledge is consolidated in your long-term memory. The second purpose
is to help you diagnose what you do and don’t know, and to help you fill the
gaps as rapidly as possible.

In this view, getting a question wrong is useful information. It pinpoints
exactly what you need to understand, and puts the onus on you to figure it
out. Honestly, the appropriate response to getting a question wrong is
probably to throw your hands up in the air and shout “wonderful!”, since it’s
at those points of what may appear to be “failure” that your learning rate

will be at its highest.

With that said, it’s a common canard in education that “it doesn’t matter if
you get something right or wrong, so long as you're learning”.,
Unfortunately, that statement is often bullshit. If getting something right or
wrong is used to determine your grade, or to influence other people’s

opinion of you, then it damn well does matter.

For that reason, I suggest keeping your results private. They are for you
alone, and their purpose should be solely to help you learn as rapidly as
possible. If they're not helping you — if they're making you feel bad, for

instance, or being used to judge you - then stop doing the questions.
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You've probably noticed the questions are self-assessed. If you want to mark
yourself “correct” sometimes, even when you're not, go for it! What impact
do you think that will have on your learning? Do you enjoy the slightly
transgressive feeling? I must admit that I do. Don’t be embarrassed, if so:
this is supposed to be, above all else, fun. Or try marking yourself wrong
when you’re correct, or skipping the questions entirely. What impact do
these actions have on your learning? The point is to figure out how to
engage with the questions to learn as rapidly as possible. And that means

experimenting playfully with how you engage, to find what works for you.

How to approach this essay?

This essay is an unusual form. It’s certainly not a product in the
conventional startup sense; it’s a research project, an experiment in
developing a new and improved form of reading. A conventional product
would aim to draw you in, and form a regular, long-term habit. There’'d be
tens (or hundreds) of millions of words of content for you to read, and lots
of people on social media excitedly pointing you toward that content. You'd

engage every day, learning more and more and more.

That’s not what’s going on here. “Quantum Computing for the Very
Curious” is, instead, like a video game or book or movie, a single one-off
project for you to work through. So you commit to it for a while, and then
the experience is over. (Also, like a video game, book, or movie, sequels are

planned!)

With that said, it’s different from those forms too. Many people consume
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games, books, and movies as binge activities, hungrily devouring them until
complete. “Quantum Computing for the Very Curious” is, by contrast,
intentionally an experience spread out over time. Yes, you probably binge at
first, working your way quickly through the text over a couple of hours. But
then you return occasionally for brief review sessions, prompted by our
notifications. That form of spaced testing is the best way for you to
remember what you read. Still, while it might be optimal from the point of
view of memory formation, it means not using some of the techniques that
games, books, and movies use to keep you interested. Nonetheless, I hope
you’ll be willing to trust the team at “Quantum Computing for the Very

Curious”, and to participate in the experiment.

How can you get the most out of reading in this new mnemonic medium?
The ideal is to do an initial read, followed by a few short review sessions
over the coming weeks (prompted by our notifications) to help you
internalize the ideas. Then (optionally) a followup read, where you can
more deeply understand the material. And finally, some sessions of

followup review to ensure you remember for the long term:

. . . . At this point, most
first read review review second read (lelaglo][SJa[e]gMll questions will be
reliably memorized.

As you work through this process, we’ll track your overall progress toward
completion (meaning: most questions reliably committed to memory), and

each time you review we’ll show you that progress.

This is a larger commitment than traditional reading. But for a small factor
in effort, you will understand the material far more deeply, and remember

it for more than 10x as long. What’s more, while the reading process above
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looks complex, you'll be cued at each step by reminders that will help the
review process become a habit. Trust the reminders, and this will all happen

as a matter of course.

You may find the essay particularly helpful if you're taking an introductory
class on quantum computing. If that’s your situation, I advise you to read
the entire essay immediately at the beginning of semester (or even before),
answering all the questions as you go. Then continue to follow the
procedure described just above, taking a few minutes to complete each
review session, prompted by the reminders you'll be sent. This will make it
far easier to understand the rest of the course you’re taking, and help you

get much more out of it.

General states of a qubit

The computational basis states |0) and |1) are just two possible states for a
qubit. Many more states are possible, and those extra states endow qubits
with capabilities not available to ordinary classical bits. In general,
remember, a quantum state is a two-dimensional vector. Here’s an example,

with a graphical illustration emphasizing the vector nature of the state:

1)
[ 0.6/0) + 0.8|1)
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In this example, the state 0.6/0) + 0.8]1) is just 0.6 times the |0) vector, plus

0.8 times the |1) vector. In the usual vector notation that means the state is:

O.6|O>+O.8|1>:0.6[(1)]+0.8[(1)] — [ 8:2 ]

I've been talking about quantum states as two-dimensional vectors. What I
didn’t yet mention is that in general they’re complex vectors, that is, they can
have complex numbers as entries. Of course, the example just shown has
real entries, as do the computational basis states. But for a general quantum
state the entries can be complex numbers. So, for instance, another

quantum state is the vector

1+
2

1

V2

which can be written in the conventional component vector representation

1+i
E
V2

Because quantum states are in general vectors with complex entries, the

210y +

1),

as

illustration above shouldn’t be taken too literally — the plane is a real vector
space, not a complex vector space. Still, visualizing it as a plane is

sometimes a handy way of thinking.

I've said what a quantum state is, as a mathematical object: it’s a two-
dimensional vector in a complex vector space. But why is that true? What
does it mean, physically, that it’s a vector? Why a complex vector space, and
how should we think about the complex numbers? And what’s a quantum

state good for, anyway?
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These are good questions. But they do take some time to answer. For
context consider that the discovery of quantum mechanics wasn’t a single
event, but occurred over 25 years of work, from 1900 to 1925. Many Nobel
prizes were won for milestones along the way. That includes Albert
Einstein’s Nobel Prize, won primarily for work related to quantum

mechanics (not relativity, as people sometimes assume).

When some of the brightest people in the world struggle for 25 years to
develop a theory, it’s not an obvious theory! In fact, the idea of describing a
simple quantum system using a complex vector in two dimensions
summarizes much of what was learned over that 25 years. In that sense, it’s
quite a simple and beautiful statement. But it’s not an obvious statement,
and it’s not unreasonable that it might take a few hours to understand.

That’s better than taking 25 years to understand!

As part of that journey toward understanding, let’s get familiar with some

more nomenclature commonly used for quantum states.

One of the most common terms is superposition. People will say a state like
0.6|0) + 0.8]1) is a superposition of |0) and |1). All they mean is that the state
is a linear combination of |0) and |1). You may wonder why they don’t just
say “linear combination” (and sometimes they do), but the reason is pretty
much the same reason English-speakers say “hello” while Spanish-speakers
say “hola” — the two terms come out of different cultures and different

histories.

Another common term is amplitude. An amplitude is the coefficient for a
particular state in superposition. For instance, in the state 0.6/0) + 0.8|1) the

amplitude for |0) is 0.6, and the amplitude for |1) is 0.8.
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We’ve learnt that a quantum state is a two-dimensional complex vector.
Actually, it can’t be just any old vector, a fact you might have guessed from
the very particular amplitudes in some of the examples above. There’s a
constraint. The constraint is this: the sums of the squares of the amplitudes must

be equal to 1.

So, for example, for the state 0.6|0) + 0.8|1) the sum of the squares of the
amplitudes is 0.6% + 0.8%, which is 0.36 + 0.64 = 1, as we desired.

For a more general quantum state, the amplitudes can be complex
numbers, let’s denote them by a and 3 so the state is a|0) + §|1). The

constraint is now that the sum of the squares of the amplitudes is 1, i.e.,
2 2
al* + (8" = 1.

This is called the normalization constraint.

It’s called that because if you think of |0) and |1) as orthonormal vectors, as

I drew them earlier,

1)
0.6/0) + 0.8|1)

» [0)
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then the normalization constraint is the requirement that the length of the
state is equal to 1. So it’s a unit vector, or a normalized vector, and that’s why

this is called a normalization constraint.

Summing up all these ideas in one sentence: the quantum state of a qubit is a
vector of unit length in a two-dimensional complex vector space known as state

space.

We've gone through a few refinements of this sentence but that sentence is
the final version — there’s no missing parts, or further refinement necessary!
That’s what the quantum state of a qubit is. Of course, we will explore the
definition further, deepening our understanding, but it will always come

back to that basic fact.

One common gotcha in thinking about qubits is to look at the |0) state and

think it must be the zero vector in the vector space, often denoted 0. But

that’s not right at all. The zero vector is at the origin, 0 = [ 0 ] , while the

0

|0) vector is quite different,

0) = { é ] # 0. It’s just an unfortunate

notational accident that |0) looks as though it should be the 0 vector.
Fortunately, in practice this distinction is easy to get used to, and doesn’t

cause confusion. But it’s worth noting.

What does the quantum state mean? Why is it a vector
in a complex vector space?
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My own conclusion is that today there is no interpretation of
quantum mechanics that does not have serious flaws. This view s not
universally shared. Indeed, many physicists are satisfied with their
own interpretation of quantum mechanics. But different physicists

are satisfied with different interpretations.

— Steven Weinberg,
Nobel Laureate in Physics

Let’s come back to the question of what the quantum state means, and why

it’s a vector in a complex vector space.

In the case of classical bits, it’s pretty easy to think about the state. You can
think of the 0 or 1 states of a bit as corresponding to two very different (but
stable) states of a physical system. For instance, a 0 or 1 can be indicated by
the presence or absence of a hole at some location in a punch card. And so a

single punch card can be used to store hundreds or thousands of bits:
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Most ways of storing classical bits are variations on this idea. For instance,
the dynamic random access memory (RAM) inside your computer is based
on the idea of having two tiny metal plates separated by a miniscule gap.
Electric charge is stored on those plates, setting up an electric field between
them. The 0 and 1 states of the bit correspond to two different
configurations of charge on the plates. In practice, real dynamic RAM
systems use slightly more elaborate ideas, but that’s the heart of it. This is
harder to think about than punch cards — most of us don’t have so much
experience thinking about moving electric charges around metal plates. But

it’s still pretty concrete.

So, how should we think about quantum states? The |0) and |1) states often
aren’t difficult to think about, since they often correspond to very concrete
physical states of the world, much like classical bits. Indeed, in some
proposals they may correspond to different charge configurations, similar to
dynamic RAM. Or perhaps a photon being in one of two different locations
in space — again, a pretty simple, concrete notion, even if photons aren’t
that familiar. There are also many more exotic proposals for the |0) and |1)
states. But by and large you can think of the computational basis states as

representing a physical system in one of two well-defined configurations.

Of course, qubits have states which aren’t computational basis states, states
like 0.6]0) + 0.8|1). How should we think about such superposition states?
At least in popular media accounts, a very common description is that a

state like 0.6|0) + 0.8|1) is “simultaneously” in the |0) state and the |1) state.

I must confess, I don’t understand what people mean by this. As far as I can
tell, what they’re trying to do is explain the quantum state in terms of

classical concepts they're already familiar with. But I can’t make much sense
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of it — saying 0.6|0) + 0.8|1) is simultaneously in the |0) state and the |1) state
seems like word salad, and makes about as much sense to me as Lewis

Carroll’s nonsense poem Jabberwocky:

"Twas brillig, and the slithy toves
Did gyre and gimble in the wabe:
All mimsy were the borogoves,

And the mome raths outgrabe.

Of course, lacking any other interpretation it’s tempting to try to impose
our classical prejudices on the quantum state. Or, even if you reject that, to
get hung up worrying about what a quantum state is. But the trouble is that
there is enormous disagreement amongst physicists themselves about how
to think about the quantum state. Indeed, many active researchers are
trying to understand what the correct way of thinking about the quantum
state is, exploring multiple approaches in great depth. So we're going to

defer worrying too much about this until later.

To understand why we're deferring, suppose someone gives you a Rubik’s
cube (or some other challenging puzzle or game) for the first time, all
scrambled up. You start to theorize about the best ways of solving it, how to
understand it, and so on. But you never actually play around with it, getting

familiar with how it behaves.

Often the best way to understand something is to first use it, to get
comfortable, to play a lot, and to do lots of informal experiments. As you

build familiarity you understand why things are the way they are. At that
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point, you can go back and better understand the meaning of the basics.

Well, we can think of quantum computing and quantum mechanics as an
especially complicated type of puzzle! So the strategy we're taking is to start
with the mathematics of quantum computing — we’ll keep getting familiar
with qubits and the quantum state, and developing the consequences. Doing
that is how we’ll build up intuition, and will give us the chops needed to

come back and think harder about the meaning of the quantum state.

Part ll: Introducing quantum logic
gates

In Part I we learned about the state of a qubit. But in order to quantum
compute, it’s not enough just to understand quantum states. We need to be

able to do things with them! We do that using quantum logic gates.

A quantum logic gate is simply a way of manipulating quantum
information, that is, the quantum state of a qubit or a collection of qubits.
They’re analogous to the classical logic gates used in ordinary, everyday
computers — gates such as the AND, OR, and NOT gates. And, much like
classical gates’ role in conventional computers, quantum gates are the basic
building blocks of quantum computation. They’re also a convenient way of
describing many other quantum information processing tasks, such as

quantum teleportation.

In Part II of this essay we’ll discuss several types of quantum logic gate. As

we’ll see, the gates we discuss are sufficient to do any quantum computation.
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In particular, much as any classical computation can be built up using AND,
OR, and NOT gates, the quantum gates we describe over the next few

sections suffice to do any quantum computation.

Many of the quantum gates we’ll learn about are based on familiar classical
logic gates. But a few are different. Those differences appear innocuous,
almost trivial. But in those differences lies the power of quantum
computation, and the possibility for quantum computers to be vastly

superior to classical computers.

Part II is, frankly, a bit of a slog. Learning quantum gates is like learning
basic vocabulary in a new language: there’s no getting round spending a fair
bit of time working on it. Still, the spaced-repetition testing should make
this basic memory work much easier than is ordinarily the case. And it will
prepare you well for some of the more conceptual issues discussed in Part
III, where we return to high-level questions about the ultimate nature of

computation, and what quantum computers are good for.

The quantum NOT gate

Let’s take a look at our very first quantum logic gate, the quantum NOT gate.
As you can no doubt surmise, the quantum NOT gate is a generalization of
the classical NOT gate. On the computational basis states the quantum NOT
gate does just what you'd expect, mimicking the classical NOT gate. That is,

it takes the |0) state to |1), and vice versa:

NOT|0) = |1)
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NOT|1) = |0)

But the computational basis states aren’t the only states possible for a qubit.
What happens when we apply the NOT gate to a general superposition
state, that is, a|0) 4+ B]1)? In fact, it does pretty much the simplest possible

thing: it acts linearly on the quantum state, interchanging the role of |0) and

1):
NOT(e|0) + B|1)) = a[1) + 5|0).

I've been using the notation NOT for the quantum NOT gate. But for
historical reasons people working on quantum computing usually use a

different notation, the notation X. And so the above may be rewritten:
X(al0) + B|1)) = al1) + B]0).
I'll use the terms X gate and NOT gate interchangeably.

Historically, the notation X traces its origin to 1927, when the physicist
Wolfgang Pauli introduced an operation s, (often written o, in textbooks
today) to help describe rotations of certain objects around the « spatial axis.
This operation later became of interest to people working on quantum
computing. But by that point the s (and the connection to rotation) was

irrelevant, and so s, just became X.

What we’ve seen so far are very algebraic ways of writing down the way the
X gate works. There’s an alternate representation, the quantum circuit

representation. In a quantum circuit we depict an X gate as follows:

X
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The line from left to right is what’s called a quantum wire. A quantum wire
represents a single qubit. The term “wire” and the way it’s drawn looks like
the qubit is moving through space. But it's often helpful to instead think of
left-to-right as representing the passage of time. So the initial segment of
wire is just the passage of time, with nothing happening to the qubit. Then
the X gate is applied. And then the quantum wire continues, leaving the

desired output.

Sometimes we’ll put the input and output states explicitly in the quantum

circuit, so we have something like:

a|0) + B[1) X all) + 30)

So that’s the quantum circuit representation of the X gate. It is, in fact, our
first quantum computation. A simple computation, involving just a single

qubit and a single gate, but a genuine quantum computation nonetheless!

There’s a third representation for the X gate that’s worth knowing about, a

representation as a 2 X 2 matrix:
0 1
X = :
1 0
To understand in what sense this is a representation of the NOT gate, recall

that a|0) + 5|1) is just the vector [ @ } . And so we have:

B
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0 1 (0 1
B CCEE R R

|

= al1) + 8|0)
= X(af0) + BI1)).

This tells us that X and [ (1) (1) ] act in exactly the same way on all vectors,

and thus are the same operation. In fact, as we’ll see later, it turns out that all
quantum gates can be thought of as matrices, with the matrix entries

specifying the exact details of the gate.

By the way, regarding the X gate as a matrix clarifies what may have been a
confusing point earlier. I wrote the X gate as having the action X|0) = |1),
X|1) = |0). Implicitly — I never quite said this, though it’s true — the X gate
is a mathematical function, taking input states to output states. But when we
write functions we usually use parentheses, so why didn’t I write X (|0)) and
similarly for |1)? The reason is that for linear functions, i.e., matrices, it’s
conventional to omit parentheses and just write X |0) — function application

zs just matrix multiplication.

Quantum wires: why the simplest quantum circuit is
often also the hardest to implement

We've now seen a simple quantum circuit and quantum logic gate. But it’s
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not quite the simplest possible quantum circuit. The simplest possible

quantum circuit does nothing at all. That is, it’s a single quantum wire:

This circuit is just a single qubit being preserved in time. To be more
explicit, if some arbitrary quantum state |t) is input to the circuit, then the
exact same state [t) is output (it’s common practice to use the Greek letter

1 to denote an arbitrary quantum state):
) —— [¥)

Mathematically, this circuit is trivial. But physically it’s far from trivial. In
many physical systems, the quantum wire is actually one of the hardest

quantum computations to implement!

The reason is that quantum states are often incredibly fragile. If your qubit
is being stored in some tiny system — perhaps a single photon or a single
atom — then it’s very, very easy to disturb that state. It really doesn’t take
much to upset an atom or a photon. And so while quantum wires are
mathematically trivial, they can be one of the hardest elements to build in

real systems.

That said, there are some systems where quantum wires are easy to
implement. If you store your qubit in a neutrino then the state will actually
be pretty well preserved. The reason is that neutrinos barely interact with
other forms of matter at all — a neutrino can easily pass through a mile of
lead without being disturbed. But while it’s intriguing that neutrinos are so
stable, it doesn’t mean they make good qubits. The trouble is that since

there’s no easy way of using ordinary matter to interact with them, we can’t
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manipulate their quantum state in a controlled fashion, and so can’t

implement a quantum gate.

There’s a tension here that applies to many proposals to do quantum
information processing, not just neutrinos. If we want to store the quantum
state, then it’s helpful if our qubits only interact very weakly with other
systems, so those systems don’t disrupt them. But if the qubits only interact
weakly with other systems then that also makes it hard to manipulate the
qubits. Thus, systems which make good quantum wires are often hard to
build quantum gates for. Much of the art of designing quantum computers
is about finding ways to navigate this tension. Often, that means trying to
design systems which interact weakly most of the time, but some of the
time can be caused to interact strongly, and so serve as part of a quantum

gate.

You'll note that some of the questions above have a different flavor to the
questions earlier in the essay. Early questions had cut-and-dried answers.
The answer to the question “What’s the standard notation for the quantum
NOT gate?” is just: “X”. But some of the questions above have less well-

specified answers. They’re a little flufty.

This flufiiness may cause you difficulties as you decide how to respond. Your
answer to the question “Why is it that systems which make good quantum
wires are often hard to build quantum gates for?” may not quite match the
answer given. If this is the case, don’t worry. You should mark yourself

correct if you're confident you've understood the point, even in terms

https://quantum.country/gcvc?utm_source=chatgpt.com Péagina 34 de 93



Quantum computing for the very curious 17/10/25, 16:43

different from my phrasing. And mark yourself incorrect if the point still

needs reinforcement.

A multi-gate quantum circuit

Let’s take a look at a simple multiple-gate quantum circuit. It’s just a circuit

with two X gates in a row:

X X

It’s worth pausing for a moment, and trying to guess what this circuit does
to the input state. It’s worth doing this even if you usually find this kind of
guessing frustrating. Even when you get stuck, building up strategies for
dealing with stuckness is part of learning any difficult subject. So take a

minute or SO NOw.

We'll try two different ways of figuring out what’s going on. Here’s one
approach, based on applying X twice to an arbitrary input state,
a|0) + B|1). It’s simple algebra, using the fact X interchanges the |0) and |1)

states:

X(X(al0) + BI1))) = X(al1) + [0))
= a0) + A1)

So the net effect is to recover the original quantum state, no matter what

that state was. In other words, this circuit is equivalent to a quantum wire:

X X -
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A second way of seeing this is based on the matrix representation we found
earlier for the X gate. Observe that if the input is some arbitrary quantum
state 1), then after the first gate the state is X|v), and after the second gate
the state is X X|¢). Then we observe that the product X X is

[ 170 1
XX - [10]

O = = O
_o O =

That is, X X is the identity operation, and so the output X X |¢) is just the
original input [¢). In other words, two X gates is the same as a quantum
wire. And so we’ve arrived at the same conclusion in a different way, using
matrix multiplication. Doing such matrix multiplications is a pretty

common way of analyzing quantum circuits.

The Hadamard gate

We've seen our first quantum gate, the NOT or X gate. Of course, the X
didn’t appear to do all that much beyond what is possible with a classical
NOT gate. In this section I introduce a gate that clearly involves quantum

effects, the Hadamard gate.

As with the X gate, we'll start by explaining how the Hadamard gate acts on

computational basis states. Denoting the gate by H, here’s what it does:
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0) +11)
V2

0) = 1)
V2

0) and |1) aren’t the only quantum states. How does the

HI|0) =

H|1) =

Of course,

Hadamard gate act on more general quantum states?

It won'’t surprise you to learn that it acts linearly, as did the quantum NOT
gate. In particular, the Hadamard gate takes a superposition «|0) 4+ §|1) to

the corresponding superposition of outputs:

That’s a mess. We can make it less of a mess by combining the |0) terms

together, and also the |1) terms together:

a+6|0 a—pf
V2 V2

That’s better, but still not pretty! Fortunately, we mostly won’t be dealing

H(al0) + B|1)) = )+ 1).

with such complex expressions. The only reason I've done it here is to be
really explicit. Instead of dealing with such explicit expressions, we’ll mostly
work with the H gate in its circuit and matrix representations (see below).
Those let us focus at a more enlightening level of abstraction, rather than

messing around with coefficients.

Indeed, much work on quantum computing is about attempting to develop
ways of moving from low levels of abstraction to higher, more conceptual

levels. Up to now most of our work has been at a very low level, seeming
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more an exercise in linear algebra than a discussion of a new model of
computing. That perhaps seems strange. After all, if you were explaining
classical computers to someone, you wouldn’t start in the weeds, with AND
and NOT gates and the like. You'd start with a well-designed high-level
programming language, and then bounce back and forth between different
layers of abstraction. Modern computers aren’t just about logic gates —
they’re at least as much about beautiful higher-level ideas: say, lazy

evaluation, or higher-order functions, or homoiconicity, and so on.

I wish I could start with high-level abstractions for quantum computers.
However, we're still in the early days of quantum computing, and for the
most part humanity hasn’t yet discovered such high-level abstractions.

People are still scratching around, trying to find good ideas.

That’s an exciting situation: it means almost all the big breakthroughs are
ahead. There’s a sense in which we still understand very little about
quantum computing. That might sound surprising: after all, there are great
big fat textbooks on the subject. But you could have written a great big fat
textbook about the ENIAC computer in the late 1940s. It was, after all, a very
complex system. That textbook would have looked intimidating, but it
wouldn’t have been the final word in computing. For the most part the way
we understand quantum computing today is at an ENIAC-like level, looking
at the nuts-and-bolts of qubits and logic gates and linear algebra, and
wondering what the higher-level understanding may be. The situation can
be thought of as much like programming language design before the
breakthroughs that led to languages such as Lisp and Haskell and Prolog
and Smalltalk. That makes it a remarkable creative opportunity, a challenge

for the decades and centuries ahead.
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Speaking of nuts-and-bolts, let’s get back to the Hadamard gate. Here’s the
circuit representation for the Hadamard gate. It looks just like the X gate in

the circuit representation, except we change the gate label to H:

H

Just like the X gate, H has a matrix representation:

gl

To see that this matrix representation is correct, let’s check the action of the

matrix on the |0) and the |1) states. Here we check for the |0) state:

Al o= AL
_ ”

0) + 1)

V2

Sl Sl

=

That is, this matrix acts the same way as the Hadamard gate on the |0) state.

Now let’s check on the |1) state:

51 4]-

So the matrix acts the same way as the Hadamard gate on both the |0) and
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|1) states. By the linearity of matrix multiplication it follows that the matrix
acts the same way as the Hadamard on all input states, and so they are the

same operation.

What makes the Hadamard gate interesting as a quantum gate? What can

we use it to do?

We don’t (quite) have enough background to give precise answers to these

questions yet. But there is an analogy which gives insight.

Imagine you are living in North Africa, thousands of years in the past, and
decide for some reason that you want to get over to the Iberian peninsula. If
you don’t yet have boats or some other reliable method of moving across
large bodies of water, you need to go all the way across Africa, past the
Arabian peninsula, up and around through Europe, back to the Iberian

peninsula:
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Original photo source: Reto Stockli, NASA Earth Observatory (2004).

Suppose, however, that you invent a new device, the boat, which expands
the range of locations you can traverse. Then you can take a much more
direct route over to the Iberian peninsula, greatly cutting down the time

required:
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What the Hadamard and similar gates do is expand the range of operations
that it’s possible for a computer to perform. That expansion makes it
possible for the computer to take shortcuts, as the computer “moves” in a
way that’s not possible in a conventional classical computer. And, we hope,

that may enable us to solve some computational problems faster.

Another helpful analogy is to the game of chess. Imagine you're playing
chess and the rules are changed in your favor, enabling your rook an
expanded range of moves. That extra flexibility might enable you to achieve
checkmate much faster because you can get to new positions much more

quickly.

A similar thing is going on with the Hadamard gate. By expanding the range

of states we can access (or, more precisely, the range of dynamical
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operations we can generate) beyond what’s possible on a classical computer,

it becomes possible to take shortcuts in our computation.
We'll see explicit examples in subsequent essays.

To get more familiar with the Hadamard gate, let’s analyze a simple circuit:

H H

What’s this circuit do?

Before we compute, it’s worth pausing for a second to try guessing the
result. The point of guessing isn’t to get it right — rather, it’s to challenge
yourself to start coming up with heuristic mental models for thinking about
what’s going on in quantum circuits. Those mental models likely won’t be

very good at first, but that’s okay — if you keep doing this, they’ll get better.

Here’s one heuristic you can use to think about this circuit: you can think of
H as sort of mixing the |0) and |1) states together. So if you apply H twice
to |0), perhaps it would thoroughly mix the |0) and |1) up together. What
sort of state do you think would result, according to this heuristic? Do you
believe the result? Why or why not? Can you think of other heuristics that

might help you guess an answer?

Alright, let’s compute what actually happens. After we apply the first
Hadamard to |0) we get

0) +11)
N

Then we apply a second Hadamard gate. This takes the |0) term above to
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0)+1)

5 and the 1) term to 21 5o the output is:

V2

1 (0)+]1) o)1)
ﬁ( NG )

If you look at the expression above, you'll notice that the |1) terms cancel

each other out, so you're just left with the |0) terms. Collecting them up,

we're left with the |0) state, same as we started with:

In a similar fashion, after we run the |1) state through the first Hadamard

gate, we get:

0) — 1)
5

Then we apply a second Hadamard gate to get:

1 <I0>+I1> 0>—1>).

V2 V2 2

This time it’s the |0) terms which cancel out, and the |1) terms reinforce.
When we collect up these terms, we see that the output is just the |1) state,
same as we started with. And so both the |0) and |1) states are left
unchanged by this quantum circuit, and the net effect of the circuit is

exactly the same as a quantum wire:

H H -

There’s an alternate way of seeing this, which I'll sketch out without working
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through in detail. It’s to note that if we input an arbitrary quantum state |)
to the circuit, then the output must be H H |¢), i.e., the result of applying
two H matrices to [¢). But if you just compute the matrix product H H it
turns out to be the 2 x 2 identity matrix, HH = I. And so the output from
the circuit must be the same as the input, H H |¢)) = I|1)) = [¢), just as from

a quantum wire.

Of course, this result violates our intuitive guess, which was that two
Hadamards would thoroughly mix up the |0) and the |1). It’s interesting to
ponder what went wrong with our intuition, say by looking through the
calculation for H acting twice on |0). You see that after the second gate the
|1) terms exactly cancel one another out, while the |0) terms reinforce one

another.

This seems innocuous, almost like a mathematical accident. Still, I draw
your attention to it because this type of cancellation or reinforcement is
crucial in many algorithms for quantum computers. Without getting into
details, the rough way many such algorithms work is to first use Hadamard
gates to “spread out” in quantum states like % (or many-qubit analogs),
i.e., in superpositions of multiple computational basis states. At the end of
the algorithm they use clever patterns of cancellation and reinforcement to
bring things back together again into one (or possibly a few, in the many-
qubit case) computational basis state, containing the desired answer. That’s a
somewhat vague and perhaps tantalizing description, but the point to take
away is that the kind of cancellation-or-reinforcement we saw above is

actually crucial in many quantum computations.

I'll now pose a few simple exercises related to the Hadamard gate. Unlike

the spaced-repetition questions, the point of the exercises below isn’t as an
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aid to memory, and so you won't see these exercises repeatedly. Rather,
they’re here because (should you choose to work through them) they will
help you better understand the material of the essay. But they’ll only
incidentally help with memorization. We'll follow them with some spaced-
repetition questions. Note that even if you don't work through the exercises,
it's worth at least reading through them, since some of the results will be

tested in the spaced-repetition questions.

Exercise: Verify that H H = I, where I is the 2 x 2 identity matrix,
1 0
-[3 0]

Exercise: Suppose that instead of H we’d defined a matrix J by:

-5l

At first, it might seem that J would make an interesting quantum gate,

- i - _ [0+[1) _ [0+]1)
along lines similar to H. For instance, J|0) = =5t and J|1) = v
These are both good, normalized quantum states. But what happens if we
apply J to the quantum state Jﬂ%ﬁ? Why does this make J unsuitable for

use as a quantum gate?

Exercise: Consider the quantum circuit:

|¥) H X

Explain why the output from this circuit is X H|¢), not H X |¢), as you
might naively assume if you wrote down gates in the order they occur in the
circuit. This is a common gotcha to be aware of — it occurs because

quantum gates compose left-to-right in the circuit representation, while
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matrix multiplications compose right-to-left.

Measuring a qubit

Suppose a (hypothetical!) quantum physicist named Alice prepares a qubit
in her laboratory, in a quantum state «|0) + 5|1). Then she gives her qubit
to another quantum physicist, Bob, but doesn’t tell him the values of a and
B. Is there some way Bob can figure out a and 3? That is, is there some

experiment Bob can do to figure out the identity of the quantum state?

The surprising answer to this question turns out to be NO! There is, in fact,
no way to figure out a and S if they start out unknown. To put it a slightly
different way, the quantum state of any system — whether it be a qubit or a

some other system — is not directly observable.

I say this is surprising, because it’s very different from our usual everyday
way of thinking about how the world works. If there’s something wrong
with your car, a mechanic can use diagnostic tools to learn about the
internal state of the engine. The better the diagnostic tools, the more they
can learn. Of course, there may be parts of the engine that would be
impractical to access — maybe they’d have to break a part, or use a
microscope, for instance. But you'd probably be rather suspicious if the
mechanic told you the laws of physics prohibited them from figuring out

the internal state of the engine.
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Similarly, when you first start learning about quantum circuits, it seems like
we should be able to observe the amplitudes of a quantum state whenever
we like. But that turns out to be prohibited by the laws of physics. Those

amplitudes are better thought of as a kind of hidden information.

So, what can we figure out from the quantum state? Rather than somehow
measuring « and 3, there are other ways of getting useful information out
of a qubit. Let me describe an especially important process called
measurement in the computational basis. This is a fundamental primitive in
quantum computing: it’s the way we typically extract information from our
quantum computers. I'll explain now how it works for a single qubit, and

later generalize to multi-qubit systems.

Suppose a qubit is in the state a|0) + B|1). When you measure this qubit in
the computational basis it gives you a classical bit of information: it gives
you the outcome 0 with probability |a|?, and the outcome 1 with

probability |5|>.

To think a little more concretely about this process, suppose your qubit is
instantiated in some physical system. Perhaps it’s being stored in the state of
an atom somehow. It doesn’t matter exactly what, but you have this qubit in
your laboratory. And you have some measurement apparatus, probably
something large and complicated, maybe involving lasers and
microprocessors and a screen for readout of the measurement result. And

this measurement apparatus interacts in some way with your qubit.

After the measurement interaction, your measurement apparatus registers
an outcome. For instance, it might be that you get the outcome 0. Or maybe

instead you get the outcome 1. The crucial fact is that the outcome is
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ordinary classical information — the stuff you already know how to think
about — which you can then use to do other things, and to control other

Processes.

So the way a quantum computation works is that we manipulate a quantum
state using a series of quantum gates, and then at the end of the
computation (typically) we do a measurement to read out the result of the
computation. If our quantum computer is just a single qubit, then that
result will be a single classical bit. If, as is more usually the case, it’s multiple

qubits, then the measurement result will be multiple classical bits.

A fundamental fact about this measurement process is that it disturbs the
state of the quantum system. In particular, it doesn’t just leave the quantum
state alone. After the measurement, if you get the outcome 0 then the state
of the qubit afterwards (the “posterior state”) is the computational basis state
|0). On the other hand, if you get the outcome 1 then the posterior state of

the qubit is the computational basis state |1).

Summing all this up: if we measure a qubit with state «|0) 4+ §|1) in the
computational basis, then the outcome is a classical bit: either 0, with
probability |a|?, or 1, with probability |3|2. The corresponding state of the

qubit after the measurement is |0) or |1).

A key point to note is that after the measurement, no matter what the

outcome, o and [ are gone. No matter whether the posterior state is |0) or
|1), there is no trace of a or 8. And so you can’t get any more information
about them. In that sense, a and [ are a kind of hidden information — the

measurement doesn’t tell you what they were.
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One reason this is important is because it means you can’t store an infinite
amount of classical information in a qubit. After all, « is a complex number,
and you could imagine storing lots of classical bits in the binary expansion
of the real component of a. If there was some experimental way you could
measure the value of a exactly, then you could extract that classical

information. But without a way of measuring « that’s not possible.

['ve been talking about measurement in the computational basis. In fact,
there are other types of measurement you can do in quantum systems. But
there’s a sense in which computational basis measurements turn out to be
fundamental. The reason is that by combining computational basis
measurements with quantum gates like the Hadamard and NOT (and other)
gates, it’s possible to simulate arbitrary quantum measurements. So this is
all you absolutely need to know about measurement, from an in-principle

point of view.

It’s useful to have a way of denoting measurements in the quantum circuit

model. Here’s a simple example:

|v) X H m

It’s a single-qubit quantum circuit, with input the state |¢). A NOT gate is
applied, followed by a Hadamard gate. The circuit finishes with a
measurement in the computational basis, denoted by the slightly elongated
semi-circle. The m is a classical bit denoting the measurement result —
either 0 or 1 — and we use the double wire to indicate the classical bit m

going off and being used to do something else.

https://quantum.country/gcvc?utm_source=chatgpt.com Pagina 50 de 93



Quantum computing for the very curious 17/10/25, 16:43

Of course, I said above that after measurement the qubit is in either the |0)
or the |1) state. You might think we’d draw a corresponding quantum wire
coming out the other side of the measurement. But often in quantum
circuits the qubit is discarded after measurement, and that’s assumed by this

notation.

One final comment on measurement is that it’s connected to the
normalization condition for quantum states that we discussed earlier.

Suppose we have the quantum state:
al0) + B|1)

Then the probability of the two possible measurement outcomes, 0 and 1,

must sum to 1, and so we have:
af® +18]* = 1.

This is exactly the normalization condition for quantum states — i.e., the
quantum state must have length 1. The origin of that constraint is really just

the fact that measurement probabilities must add up to 1.

Exercise: Suppose we've been given either the state % or the state %,
but not told which state we’ve been given. We’d like to figure out which state
we’ve been given. If we just do a computational basis measurement, then for
both states we get outcome 0 with probability %, and outcome 1 with
probability % So we can’t distinguish the states directly using a
computational basis measurement. But suppose instead we put the state

into the following circuit:

041 o 1011 7 -

&
¥
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Show that if the state % is input then the output is m = 0 with
probability 1, while if the state % is input then the output is m = 1 with

probability 1. Thus while these two states are indistinguishable if just
measured in the computational basis, they can be distinguished with the

help of a simple quantum circuit.

General single-qubit gates

So far we’ve learned about two quantum gates, the NOT and the Hadamard
gate, and also about the measurement process that can be used to extract

classical information from our quantum circuits. In this section, I return to
quantum gates, and take a look at the most general single-qubit gate. To do
that it helps to recall the matrix representations of the NOT and Hadamard

gates:

0 1 1 1 1
=1 o) E-n A
If the input to these gates is the quantum state [¢), then the output is X [1)
and H |¢) respectively.

A general single-qubit gate works similarly. In particular, a general single-
qubit gate can be represented as a 2 X 2 unitary matrix, U. (If you're rusty,
I'll remind you what it means for a matrix to be unitary in a moment, and

you can just think of it as a matrix for now.) If the input to the gate is the
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state |1) then the output from the gate is U|¢). And so the NOT and
Hadamard gates correspond to the special cases where U = X and U = H,

respectively.

What does it mean for a matrix U to be unitary? It’s easiest to answer this
question algebraically, where it simply means that UTU = I, that is, the
adjoint of U, denoted UT, times U, is equal to the identity matrix. That

adjoint is, recall, the complex transpose of U
Ut .= (U

So for a 2 x 2 matrix, the adjoint operation is just:

abT_a*c*
c d| | b d* |

(Note that the 7 is also sometimes called the dagger operation, or Hermitian
conjugation, or just the conjugation operation. We'll use all three terms on

occasion.)

There are a few basic questions you might ask: why are single-qubit gates
described by unitary matrices? And how can we get an intuitive feel for what
it means for a matrix to be unitary, anyway? While the equation UTU = I is
easy to check algebraically, we’d like some intuition for what that equation

means.

Another natural question is whether the NOT gate and the Hadamard gate
are unitary? Of course, we’ll see that they are — I wouldn’t have described

them as quantum gates if not — but we should go to the trouble of checking.
Yet another good question is whether there are useful examples of single-
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qubit gates that aren’t the NOT or Hadamard gates? The equation UTU = I
is all very well, but it'd be nice to have more concrete examples than just an

abstract equation.
We'll answer all these questions over the next few sections.

Let’s start by checking the unitarity of the Hadamard gate. We start by
computing the adjoint of H:

(G 4]

Note that taking the transpose doesn’t change the matrix, since it is already

*

symmetric. And taking the complex conjugate doesn’t change anything,
since all the entries are real. So we have H! = H, and thus H'H = HH. But

we saw earlier in the essay that HH = I. So H is, indeed, unitary.
Exercise: Show that X is unitary.
Exercise: Show that the identity matrix I is unitary.

Exercise: Can you find an example of a 2 X 2 matrix that is unitary, and is
not I, X, or H?

For flavor, let’s give a few more examples of single-qubit quantum gates.
Earlier in the essay, I mentioned that the NOT gate X was introduced by the
physicist Wolfgang Pauli in the early days of quantum mechanics. He
introduced two other matrices, Y and Z, which are also useful quantum
gates. The three gates, X,Y, and Z are known collectively as the Paul:
matrices. The Y and Z gates will be useful extra tools in our toolkit of

quantum gates; in terms of the earlier analogy they expand the repertoire of
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moves we have available to us. They’re crucial, for example, in protocols

such as quantum teleportation and quantum error correction.

The Y gate is similar to the X gate, but instead of 1s on the off-diagonal, it
has ¢ and —i, so it takes |0) to i|1) and |1) to —i|0):

0 —1
e[ 9]
The Z gate leaves |0) unchanged, and takes |1) to —|1):
1 0
(1 0]

Exercise: Show that the Y and Z matrices are unitary, and so legitimate

quantum gates.

Another good example of a quantum gate is a rotation, the kind of matrix
you’'ve most likely been seeing since high school. It’s just the ordinary

rotation of the 2-dimensional plane by an angle 6:

cos(f) —sin(6)
sin(f)  cos(6)

You can easily check that this is a unitary matrix, and so it’s valid quantum

gate. And sometimes it’s a very useful quantum gate!

That mostly wraps up our little library of single-qubit gates. In the next
couple of sections we’ll build up some intuition about what unitarity means,
but we won’t add any extra elements to our quantum computing model. In
fact, at this point we know almost everything needed for quantum

computation. There are just two extra elements needed: extending our

https://quantum.country/gcvc?utm_source=chatgpt.com Pagina 55 de 93



Quantum computing for the very curious 17/10/25, 16:43

description of single qubits to multiple qubits, and describing a simple two-
qubit quantum gate. We'll get to those things shortly — not surprisingly, they

look much like what we’ve already seen.

I am, by the way, somewhat uncomfortable with some of the questions just
asked. My personal experience is that spaced-repetition learning works well
when learning facts I have a lot of context for, and care a lot about. It’s a rare
person who finds the detailed entries in a unitary matrix fascinating! That’s
not to say they aren’t — actually, they are, but you need a lot more context
than I've provided to see why (for instance) that —¢ in the Y is just so darn

interesting.

With that said, this essay is genuinely an experiment, and the questions
above are included in that spirit. Maybe it will turn out that readers can use
spaced-repetition to learn the entries of unitary matrices. And maybe they
cannot. No matter which that’ll be a valuable thing to learn about the world,

and to inform future experiments with spaced-repetition learning.

What does it mean for a matrix to be unitary?

Can we get an intuition for what it means for a matrix to be unitary? It turns
out that unitary matrices preserve the length of their inputs. In other words, if
we take any vector |1) and compute the length ||U|v)|| it’s always equal to

the length |||1)|| of the original vector. In this, they’re much like rotations or
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reflections in ordinary (real) space, which also don’t change lengths. In a
sense, the unitary matrices are a complex generalization of real rotations

and reflections.

Up to now we've been dealing mostly with vectors which are states of qubits,
1.e., normalized 2-dimensional vectors. But in fact the statement of the last
paragraph is true for d x d unitary matrices, too, i.e., ||U|¥)|| = |||1)]| is true

for any vector |¢) in d dimensions.

The proof is actually pretty simple — mostly, we just compute ||U|v)|| and
use a little algebra to check that it’s equal to the length |||¢)||. But before we
get to the proof, observe that this result is good news for quantum gates.
The reason is that in a quantum gate the input state will be normalized
(have length 1), since that’s a requirement for a quantum state. And we’'d
expect the corresponding output state to also be normalized, otherwise it
wouldn’t be a legitimate quantum state. Fortunately, the length-preserving
property of unitary matrices ensures the output state is properly

normalized.

Recall also the larger story this is part of: not only are gates unitary, to
ensure that states remain normalized; also, quantum states are normalized,

since measurement probabilities must sum to 1. It all fits together.

In fact it turns out that unitary matrices are the only matrices which
preserve length in this way. And so a good way of thinking about unitary
matrices is that they’re exactly the class of matrices which preserve length.

That’s the geometric interpretation (and intuitive meaning) of the algebraic
condition UTU = I.
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Let’s prove now that unitary matrices really are length-preserving.

The proof is straightforward. The main thing is to compute ||U|y)]].
Actually, it’s a little easier to compute the square of the length, |U|1)||%.

This is just the sum of the squares of the absolute values of the components
of the vector U|y):

U1 =D (Up);(U);

J

Note that I've used (Uv); to denote the jth component of U|t), dropping
the full ket notation, and just using ¥ alone. To proceed, we'll expand the

equation above out, and look for opportunities to apply the unitarity of U.
In particular, the component (Ut); is given by ) _, U;¢; and similarly for

the complex conjugate term. So we can rewrite the above equation as:

U2 =" Unpi U

jkl

To make use of the unitarity of U we’ll move the U terms together, and

rewrite in terms of U'. This gives

U 1> =" UL Ui,

jkl

where we interchanged the jk indices on the first U in order to rewrite it in
terms of UT. The only place the j index appears anywhere in this equation
is in the U. ,i i U;i term. We can therefore perform the sum over j and those
terms become (UTU)y,;, which is just the klth term in the identity matrix,

since UTU = I. So the above equation becomes:
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1U1)I1° = Z Ok r -

When we sum, the only time dz; is not equal to zero is when k = [, in which
case it’'s 1. And so we can get rid of one of the summation indices, and the

equation simplifies to:

P = 3 i

The right-hand side is, of course, equal to the norm of |¢) squared. And so
we’ve shown |U)||? = |||+)||?, and therefore |U|)|| = |||+)]]. That

completes the proof that unitary matrices are length-preserving. QED

In fact, as I mentioned earlier, it’s also possible to prove that unitary
matrices are the only matrices which preserve lengths in this way. Let me

state that a little more precisely:

Theorem: Let M be a matrix. Then ||M|v)|| = |||¢)|| for all vectors |y) if
and only if M is unitary.

We’ve proved one half of this already; we’ll prove the other half in the next
section. This theorem answers many of our questions from earlier: we see
why quantum gates must be unitary, since they’re the only matrices which
preserve normalization. Of course, it doesn’t completely answer the
question, since it doesn’t tell us why quantum gates should be matrices (i.e.,
linear operations) in the first place. That fact we're simply going to accept.
In fact, it is possible to develop deeper levels of understanding of why that is
true, but in this essay we’ll be satisfied with the partial explanation that

unitary matrices are length-preserving.
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Why are unitaries the only matrices which preserve
length?

Alright, let’s prove the missing part from the last section: let’s show that

unitaries are the only matrices which preserve length.

The proof is a little messy. But it turns out to be a good way to get familiar
with a few extra pieces of standard quantum mechanical terminology and
notation. I'll be frank: while these pieces of terminology are extremely
useful in quantum computing, we don’t strictly need them elsewhere in this
essay (though we will in later essays). If you want to skip the section, or skim
it, that’s okay — this is the best section of the essay to skip. But at some point
you should come back and work through the material. And there is, in any

case, a certain beauty to the proof.

We've been dealing with 2-dimensional vectors up to now, but what I'm
about to say applies no matter how many dimensions we're working in. So

suppose we have a vector |1) which can be written in component form as:

a

b
[¥) =

z

We're going to define a new object, also labeled with a 9, but now with a

bracket in the other direction:
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e * 7% *
(Y] :=[a"b"...2"].

That is, (3| is a row vector, whose entries are the same as [¢), but complex
conjugated. The vector |¢) was called a ket, and (you're going to groan) (|
is called a bra, making this the bra-ket, or bracket notation. Yes, theoretical
physicists make dad jokes, too. These names were given by the theoretical
physicist Paul Dirac in 1939, and it’s often called the Dirac bra-ket notation,

or sometimes just the Dirac notation.

A key fact about the bra (¢| is that it’s related to the ket ) by the dagger

operation:

)t = ().

It’s easy to see why this identity is true. Take the vector

a
b
W= .|

and apply the dagger operation, which means taking the transpose, turning
it into a row vector with entries a, b, . . ., z, and then take the complex

conjugate, giving us [a*b* . .. z*], which is just the definition of (|
In a similar way we see that (|1 = [1).

Another useful identity expresses the length of |¢) in terms of the Dirac

notation:

1)1 = (ll).
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That is, the length squared is just equal to the product of the row vector (|
with the column vector |¢). To prove it just notice that the right-hand side

1S

a
@b .. )| 0| = a2+ ...

And that, of course, is ||[/)]|?, just as we wanted.

Physicists using the Dirac notation don’t usually write (¥||1). They simplify
it slightly, omitting one of the vertical bars | in the middle, and just write it

as:

(Plep).

It’s only a slight simplification, but this omission of the extra bar turns out
to make life considerably easier, and is well worth it. I've shown it above just
for the special case of (¢|¢) but the same omission of a vertical bar is done
often in other contexts. In practice, it rarely causes confusion, although of

course you do need to get used to it.

Another useful identity is that if M is a matrix and |v) is a ket, then

(My))" = (| M.

If you think of (1| as the dagger of |¢), then what this equation means is
that taking the dagger of the product M |1) is the same as taking the
product of the dagger of M with the dagger |¢), but reversing the order.

This is a useful little mnemonic for remembering the above identity.

The identity is easy to prove. As a challenge to yourself you might want to
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stop right now and take a shot at proving it. Here’s the details if you get

stuck.

Proof: The way to prove the identity is to apply the definitions. We're going
to look at the jth component of the left-hand side, (M |¢>);, and we’ll show
it’s equal to the jth component of the right-hand side. By definition, the jth
row component (M |¢>); is equal to the complex conjugate of the jth
column component of M|i), i.e., (M|+));. That column component is
YoM &Yy We can move the 9 terms to the left, and swap the indices on
the M term to convert the * to a dagger, giving > |, ¥; M ,Ij. That’s just the j

th component of the row vector (| M1, as we set out to show. QED

With all these ideas in mind, here’s an exercise for you to work through,

putting several of these ideas together:

Exercise: Show that for any matrix M and vector |¢), the following identity

holds, expressing the length of M|v):

IM[y)|)? = (| MTM|3p).

You may be wondering why we care about all these identities? Of course,
really I'm just frontloading them - they’re all identities we're going to find
useful in a moment in the proof. So in some sense they are a bit ad hoc in
motivation. But an underlying theme is that they're about relating lengths
to matrix operations. And it’s not so surprising that’s of interest — we're
going to assume we have a length-preserving operation. It’s very convenient
to be able to relate that property to familiar operations about matrix
multiplication. That’s the essential source of the interest in the above

identities.
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Alright, we've been working through some heavy, detailed material. We've
got just a little more background to get through, but it’s easier going. I'm

going to introduce a unit vector, denoted |e;), meaning the vector with a 1
in the jth component, and Os everywhere else. So, for instance, for a qubit:

leo) =

le1) =

o O -

From elementary linear algebra, if M is a matrix, then M |e) is just the kth
column of M. (If you don’t recall that from elementary linear algebra, I
encourage you to stop and figure out why it’s true.) And from that you can

deduce easily that (e;| M |eg) is the jkth entry of M.

Exercise: If you're not familiar with the proof, show that M|ey) is the kth
column of the matrix M, and that (e;| M |ei) is the jkth entry of M.

Alright, that’s more than enough notational background! Let’s get to the
main event. In particular, let’s recall the statement of the theorem we want
to complete the proof of. Also recall that we proved the reverse implication

in the last section, so we just need to prove the forward implication:

Theorem: Let M be a matrix. Then |[|[M|y)|| = |||¢)|| for all vectors |v) if
and only if M is unitary.

Proof: We'll assume M is length-preserving, and analyze the matrix MTM.
Our goal is to show that this is the identity matrix, and thus M is unitary. To
do this, we're going to start by analyzing the diagonal elements (MTM) jis

and show that they’re all equal to 1. Then we’ll turn our attention to the off-
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diagonal elements and show that they’re all equal to 0.

To understand the diagonal elements, we know from earlier that:

(MTM);; = (ej|MTM|e;) = || M|e;)||*. But since M is length-preserving,

the latter is just |||e;)||?, which is 1. And so we conclude that all the diagonal

elements are, indeed, 1.

What about the off-diagonal elements, i.e., (MTM);; where j # k? Can we
show that these are all equal to 07 Well, what we’d like to do is somehow to
relate (MTM) i, to the length of some vector M|v), and then use the
length-preserving property. One idea is to try using |¢) = |e;) + |ex), since
that involves both the jth and kth directions. From the length-preserving

property we have:
M) || = [[[) ]| = 1° +1° = 2.
We also have:

IM3)|[* = (| MTM]g)
= (e;| M M|e;) + (e;| M M|ey)
+ (ex| M Me;) + (ex| M M|ey,)
=1+ (e;|MTM|ey) + (ex| MTM|e;) + 1

Comparing the last two sets of equations, we have:
(e;|MTM|er,) + (ex| M Mle;) = 0.

This is close to what we want, but isn’t quite right. It tells us that
(MTM)j, + (MTM)g; = 0. Can we do better? It’s tempting to go back and
fiddle around and try to find some way of eliminating one or the other of

those terms. But there’s no direct way to do it — at least, no direct way that I
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know of.

But what if we’d done something slightly different, and instead of using

1Y) = |e;) + |ex) we'd used |¢) = |e;) + i|ex)? It seems pretty plausible that
following the same line of reasoning we’d get an equation involving
(MTM);; and (MTM)y; again. I won’t explicitly go through the steps — you
can do that yourself — but if you do go through them you end up with the

equation:
(M'M)jx — (MTM); = 0.

This is great! We can add it to the earlier equation to deduce that
(MTM)jk = 0 whenever j # k, and so we conclude that MTM = I,i.e., M is
unitary. QED

The controlled-NOT gate

We’ve developed most of the ideas needed to do universal quantum
computing. We understand qubits, quantum states, and have a repertoire of
quantum gates. However, all our gates involve just a single qubit. To
compute, we need some way for qubits to interact with one another. That is,

we need quantum gates which involve two (or more) qubits.

An example of such a gate is the controlled-NOT (or CNOT) gate. In the
quantum circuit language we have two wires, representing two qubits, and

the following notation to represent the CNOT gate:
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]

The wire with the small, filled dot on it (the top wire, in this example) is
called the control qubit, for reasons which will become clear in a moment.

And the wire with the larger, unfilled circle on it is called the target qubit.

Up to now I haven’t said what the possible states of a two-qubit system are,
but you can probably guess. We now have four computational basis states,
corresponding to the four possible states of a two-bit system: |00), |01), |10),
and |11). And, for a two-qubit system, not only can we have those four

states, we can also have superpositions (i.e., linear combinations) of them:
a|00) + B|01) + ~|10) + §[11)

Here, the amplitudes «, 8, 7y, d are just complex numbers, and the sum of
the squares of the absolute values is 1, i.e, |a|? + |3|* + |y|? + |6|> = 1. This

is the same kind of normalization condition as we had for a single qubit.

Now, the CNOT gate is, much like the quantum NOT gate, inspired directly
by a classical gate. What it does is very simple. If the control qubit is set to 1,
as in the states |10) and |11), then it flips (i.e., NOTs) the target qubit. And
otherwise it does nothing. Writing out the action on all four computational

basis states we have:
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If you're familiar with classical programming languages, then you can think
of the CNOT as a very simple kind of if-then statement: if the control
qubit is set, then NOT the target qubit. But while simple, it can be used as a
building block to build up other, more complex kinds of conditional

behavior.

There’s a way of summing up all four of the equations above in a single
equation. Suppose x and y are classical bits, i.e., 0 or 1. Then we can rewrite

the equations above in a single equation as:
z,y) = |z,y®2).

Note the commas inserted to make this easier to read — this is pretty

common in working with multi-qubit states.

The above equation makes clear that the CNOT leaves the control qubit x
alone, but flips the target qubit y if « is set to 1. Note that & is addition
modulo 2, where 1 & 1 = 0, as we would expect from the fact that the
CNOT takes |11) to [10).

That’s all there is to the CNOT. It’s really a very simple idea and quantum
gate. Note that it of course acts linearly on superpositions of computational

basis states, as we expect for a quantum gate. So:

a|00) + B|01) + «|10) + §|11)
— «|00) + B|01) + v|11) + §|10)

And, though I won’t explicitly carry out the verification, the CNOT is

unitary, and thus preserves the length of quantum states, as we expect.

Of course, the CNOT doesn’t just appear in two-qubit computations. It also
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appears in computations involving more qubits. Let’s suppose we have
three qubits, for instance, and computational basis states such as

|000), |001), and so on. Here’s a CNOT with the second qubit as the control
qubit and the third qubit as the target:

]

What goes on? Well, we can write out what happens on an arbitrary

computational basis state, |z, y, z), where z,y and z are all classical bits. Of
course, the first bit « isn’t changed at all, since it’s not involved in the CNOT.
The second bit y is the control bit, and so isn’t changed. But the third bit z is
flipped if the control bit y is set to 1. And so we can write the action of the

CNOT as:
z,y,2) = |z,y,2 D y)

I've described the CNOT as a “classical” gate, but it can be combined with
single-qubit gates to do non-classical things. Let me give you an explicit
example. It’s another two-qubit computation. It starts with the |00)

computational basis state, we apply a Hadamard gate to the first qubit, and
then do a CNOT:

0) H

10) 2
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Recall that for a single qubit the Hadamard gate takes |0) to an equal
superposition (|0) 4 |1))/+/2. For these two qubits it doesn’t affect the
second qubit at all, and so it takes |00) to (|00) + [10))/+/2.

Next we apply the CNOT gate. This leaves the |00) state unchanged, since
the control bit is 0. And it takes |10) to |11), since the control bit is 1. And so

the output from the circuit is:

100) + |11)
7

This output state is a highly non-classical state — it’s actually a type of state

called an entangled state. There’s no obvious interpretation of this state as a
classical state, unlike say a computational basis state such as |00). In fact,
entangled states can be used to do all sorts of interesting information
processing tasks, including quantum teleportation and fast quantum

algorithms.

A point I glossed over above, but worth mentioning: in the circuit I drew |0)
and |0) separately as input qubits. It’s conventional to do that kind of thing
to denote a combined input of |00). More generally, people use |0)|0)
interchangeably with |00), |0)|1) interchangeably with |01), and so on.
Going back and forth takes a bit of getting used to, but everything works
pretty much as you expect, and you just need a little practice before it

seems quite natural.

More generally, if we have single-qubit states «|0) + 8|1) and v|0) + 6|1),

then the combined state when the two qubits are put together is just:
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(a0) + B[1))(7]0) + 6[1))
= ay|00) + ad|01) + B|10) + BS|11).

I said that the CNOT leaves the control qubit alone, and modifies the target
qubit. That’s true in the computational basis. In fact, it’s actually possible for
the target qubit to affect the control qubit. It’s worth taking a minute or two
to at least understand (and, if you're feeling energetic, attempting to solve)

the following exercise:

Exercise: Can you find single-qubit states |a) and |b) so that applying a
CNOT to the combined state |ab) changes the first qubit, i.e., the control
qubit?

Let me give you an example which solves the above exercise. Suppose we

introduce single-qubit states |[+) and |—), defined by:

0) + 1)
V2
0) —11)
V2

+) =

)=

A mnemonic for this notation is that these are both equal superpositions of
|0) and |1), but the “+” or “-” corresponds to the sign of the amplitude for
the |1) state. The following circuit identity holds:

+) =)
=) ’L =)

L

That is, if we put | + —) in, then | — —) comes out, i.e., the target qubit isn’t

changed, but the control qubit is! The proof is just to follow the definitions
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and the algebra through. It’s honestly not terribly enlightening to follow the
algebra through at this point — it’s a lot easier once certain other facts are
known to you. But, again, if you're feeling enthusiastic it’s a good exercise to

work through to become familiar with how things work.

It’s worth taking some caution from this example. It means that intuitions
coming from the computational basis can sometimes be incomplete or
misleading. The CNOT isn’t simply doing something to the target,
conditional on the control. It’s also doing something to the control,

conditional on the target.

Exercise: Show that the inverse of the CNOT gate is just the CNOT gate.

Part lll: Universal quantum computing

In natural science, Nature has given us a world and were just to
discover its laws. In computers, we can stuff laws into it and create a

world.

— Alan Kay

Let’s return to the question we began with: is there a single computing
device that can efficiently simulate any other physical system? At the

moment, the best candidate humanity has for such a computing device is a
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quantum computer. As you've probably guessed, you make such a device by
combining all the elements we’ve been discussing. In Part III of this essay
we’ll discuss what a quantum computer is, why they’re useful, and whether

they can be used to efficiently simulate any other physical system.

The quantum computing model

The theory of computation has traditionally been studied almost
entirely in the abstract, as a topic in pure mathematics. This is to
miss the point of it. Computers are physical objects, and computations
are physical processes. What computers can or cannot compute s
determined by the laws of physics alone, and not by pure

mathematics.

— David Deutsch

In a general quantum computation, you start out with many qubits — I'll
draw four here, but in general it might be many more (or less). You apply
quantum gates of various kinds, in particular, single-qubit gates and CNOT
gates. And at the end of the circuit you read out the result by measuring in

the computational basis. Here’s what it all looks like:
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10) .

0)

Fan)
A\

TTTT

0)

10) .

I haven’t labeled the single-qubit gates explicitly, but they might be various
things — Hadamard gates, NOT gates, rotations, and perhaps others. Note
also that while the computation starts in the computational basis state
|0000), you can also start in some other computational basis state. I've just

chosen |0000) for definiteness.
We can summarize the three steps in a quantum computation as follows:

1. Start in a computational basis state.

2. Apply a sequence of CNOT and single-qubit gates.

3. To obtain the result, measure in the computational basis. The probability
of any result, say 00. .. 0, is just the square of the absolute value of the

corresponding amplitude.

That’s all a general quantum computation is! If you understand this model,
you know what a quantum computer is. It's pretty simple, really — enough
so that I've sometimes heard people say “Is that all there is to it?” But while
the model is simple, it contains remarkable depths, and exploring it could

occupy many lifetimes.

In practice, people sometimes introduce other ideas into the way they
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describe quantum computations. If you're a programmer, you can think of
this as like the way programming language designers introduce higher-level
abstractions to help people design different kinds of programs. In principle,
those abstractions can always be reduced down to the level of AND and
NOT gates. And if you understand that level - AND and NOT, or the type of
quantum circuit shown above — then you have a foundation for building an

understanding of the other ideas.

That may leave you wondering: does that mean you also need to master all

the higher-level abstractions? The answer is no!

There are several reasons for this. One reason is that, as we discussed
earlier, humanity doesn’t yet know what the higher-level abstractions are.
We're still trying to figure them out. A second reason is that it seems likely
that the list of higher-level abstractions is inexhaustible. My guess — and it’s
just a guess — is that we will continue to discover beautiful new abstractions

forever, in both classical and quantum computing.

A related idea is that there are models of quantum computation different to
the quantum circuit model. Some are merely small variations on the model
I've described. For instance, instead of only using CNOT gates, we might
allow any two-qubit unitary gate to be used in the circuit. Or perhaps
instead of using qubits, we might use some other type of basic quantum
system — say, the quirit, which has three computational basis states, |0), |1),
and |2). It probably won’t surprise you that the resulting models of
computation are essentially equivalent to the quantum circuit model I've
described. By this, I mean they can simulate the quantum circuit model
(and vice versa) using roughly comparable numbers of gates and other

physical resources.

https://quantum.country/gcvc?utm_source=chatgpt.com Pagina 75 de 93



Quantum computing for the very curious 17/10/25, 16:43

There are also much more exotic variations, ideas such as measurement-
based quantum computation, topological quantum computation, and
others. I won’t describe these in any detail here, but suffice to say that they
appear superficially very different to the circuit model. Nonetheless, they’re
all mathematically equivalent to one another, including to the quantum
circuit model. Thus a quantum computation in any of those models can be
translated into an equivalent in the quantum circuit model, with only a

small overhead in the cost of computation. And vice versa.

You may wonder why people bother thinking about other models, if they’re
mathematically equivalent to the quantum circuit model. The reason is that
just because two models are mathematically equivalent doesn’t mean
they’re psychologically equivalent. Different models of computation
stimulate different ways of thinking, and give rise to different ideas. And so

it’s valuable to have other equivalent models.

Exercise: We saw earlier that composition of quantum gates corresponds to
matrix multiplication (in reverse order). Show that the product of two
unitary matrices U and V is also unitary. As a consequence, the net effect of
any quantum circuit (before measurement) is to effect a unitary operation

on the state space of the system.

Let me conclude this section with a brief comment about a particular class
of quantum gates. These are gates which are multiples of the identity

matrix, I:

https://quantum.country/gcvc?utm_source=chatgpt.com Pagina 76 de 93



Quantum computing for the very curious 17/10/25, 16:43

ew 0 i 1 0 —wI
0 €|~ ¢ |0 1| °"

When @ is a real number this is a unitary matrix, and so a valid quantum
gate. The effect of the gate is simply to multiply the state of the quantum
computer by €. The number e is called a global phase factor. But even
though the gate is valid, we rarely explicitly put such gates into quantum
circuits. The reason is that such global phase factors have no impact on the
results of the computation. To see why, imagine a quantum circuit which
includes many such quantum gates, possibly for different values, 61, 65, . . ..
No matter where in the circuit the gates occur, the net effect is to multiply
the state output from the circuit by an overall factor of e®1+#:+--- This
doesn’t change the squared amplitudes of the computational basis states,
and so has no impact on the measurement probabilities at the end of the
computation. We could have left the gates out and it would make no

difference.

Quantum computing people tend to be rather blase about such global phase
factors. They’ll do things like not bother to distinguish between unitary
gates such as X and — X, saying these gates are “the same up to a global
phase factor”. They simply mean the — X gate is the same as doing the X
gate, followed by the —1I gate. Since the latter gate makes no difference to
the output from the computation, it can safely be omitted. We'll see
examples in the next essay, about the quantum search algorithm, where at a
couple of places it makes sense to multiply the quantum state by a global

phase factor of —1.
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What are quantum computers good for?

Now we know what a quantum computer is, what are they good for? Earlier,
I suggested quantum computers expand the range of operations available

when computing. This is similar to the way boats expand the range of ways

we can traverse space, so instead of having to get from point A to point B by
land,

we can take a shortcut greatly cutting down the time required:

https://quantum.country/gcvc?utm_source=chatgpt.com Péagina 78 de 93



Quantum computing for the very curious 17/10/25, 16:43

)

! ug?; T

B

In order for the analogous story to hold for quantum computers, they need
to be at least as capable as classical computers. Fortunately, it’s possible to
convert any classical circuit into a quantum circuit. This requires some care.
The obvious thing to do is to imagine that your classical circuit is expressed
in terms of some standard universal set — say, the AND and NOT gates —

and then to convert those gates into equivalent quantum gates.

This is easy to do with the NOT gate — we just turn it into an X gate. But
what’s not so easy is the AND gate. You might wonder if there’s some
quantum gate which takes two bits  and y as input, in the computational
basis, |z, y), and then outputs a single qubit |z A y), where z A y is just the
logical AND of the bits  and y.

Unfortunately, that “quantum gate” makes no sense at all! Not only is it not
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unitary, it’s not even close: a unitary gate with two qubits as input
necessarily has two qubits as output. The “gate” I described has just a single

qubit as output, so there’s no way it can be unitary.

You might wonder if instead there’s some way we can find a two-qubit
quantum gate which has z A y as one output, and something else as the
other output. I won’t prove it, but it turns out that this is impossible. The
proof actually isn’t all that hard - it’s a fun exercise to think through, if you

want a challenge — but is more of a digression than I want to get into here.

That’s all rather disappointing. But there is a solution. It’s to use a three-
qubit quantum gate called the Toffol: gate. The Toffoli gate is much like the
CNOT gate, but instead of having a single control qubit, it has two control
qubits, £ and y, and a single target qubit, z. If both controls qubits are set,
then the target is flipped. Otherwise, the target is left alone:

If the target starts out as z = 0, then you can see that the target output is just
x N\ y, and so the Toffoli gate can be used to simulate a classical AND gate.
So if we have any classical circuit of AND and NOT gates then there’s a
corresponding quantum circuit involving the same number of X and

Toffoli gates which computes the same function.

Exercise: What’s a quantum circuit that can compute the NAND gate?
Recall that the NAND of two bits ¢ and y is just the NOT of x A y.
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Exercise: Can you find a way of implementing a NAND gate using just a
single Toffoli gate and no other quantum gates? Note that your answer here
may be the same as your answer to the previous exercise, if you answered

that exercise using just a single Toffoli gate and no other quantum gates.

A wrinkle in all this is that the Toffoli gate isn’t in our standard set of basic
quantum gates. However, it’s possible to build the Toffoli gate up out of
CNOT and single-qubit unitary gates. One way of doing the breakdown is

shown below:

—Pp— —HlT*CTﬁLT*

where T = [ . 0 ] .

Pary
v
~
l
=

0 e'™/4

There are various slick ways of “explaining” why this circuit works, but I'll
let you in on a secret: much of the earliest work on this was done by pure
brute force, people simply trying lots and lots of different ways of
implementing the Toffoli gate (sometimes, using a computer to assist in
doing the search). Frankly, I wouldn’t worry too much about why this circuit
works, just take it for granted that it does. You can look it up if you ever
need to, or dig down into why. Needing to know the circuit details actually
isn’t all that common, so I wouldn’t suggest memorizing it — not until you

have a good reason.
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Exercise: Show that the inverse of the Toffoli gate is just the Toffoli gate.

No, really, what are quantum computers good for?

It’s comforting that we can always simulate a classical circuit — it means
quantum computers aren’t slower than classical computers — but doesn’t
answer the question of the last section: what problems are quantum
computers good for? Can we find shortcuts that make them systematically
faster than classical computers? It turns out there’s no general way known to
do that. But there are some interesting classes of computation where

quantum computers outperform classical.

Over the long term, I believe the most important use of quantum
computers will be simulating other quantum systems. That may sound
esoteric — why would anyone apart from a quantum physicist care about
simulating quantum systems? But everybody in the future will (or, at least,
will care about the consequences). The world is made up of quantum
systems. Pharmaceutical companies employ thousands of chemists who
synthesize molecules and characterize their properties. This is currently a
very slow and painstaking process. In an ideal world they’d get the same
information thousands or millions of times faster, by doing highly accurate
computer simulations. And they’d get much more useful information,
answering questions chemists can’t possibly hope to answer today.

Unfortunately, classical computers are terrible at simulating quantum
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systems.

The reason classical computers are bad at simulating quantum systems isn’t
difficult to understand. Suppose we have a molecule containing n atoms —
for a small molecule, n may be 1-10, for a complex molecule it may be
hundreds or thousands or even more. And suppose we think of each atom
as a qubit (not true, but go with it): to describe the system we’'d need 2"

different amplitudes, one amplitude for each n-bit computational basis
state, e.g., [010011...).

Of course, atoms aren’t qubits. They’re more complicated, and we need
more amplitudes to describe them. Without getting into details, the rough
scaling for an n-atom molecule is that we need k™ amplitudes, where k > 2.
The value of k£ depends upon context — which aspects of the atom’s
behavior are important. For generic quantum simulations k£ may be in the

hundreds or more.

That’s a lot of amplitudes! Even for comparatively simple atoms and small

values of n, it means the number of amplitudes will be in the trillions. And
it rises very rapidly, doubling or more for each extra atom. If & = 100, then
even n = 10 atoms will require 100 million trillion amplitudes. That’s a lot

of amplitudes for a pretty simple molecule.

The result is that simulating such systems is incredibly hard. Just storing the
amplitudes requires mindboggling amounts of computer memory.
Simulating how they change in time is even more challenging, involving

immensely complicated updates to all the amplitudes.

Physicists and chemists have found some clever tricks for simplifying the
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situation. But even with those tricks simulating quantum systems on
classical computers seems to be impractical, except for tiny molecules, or in
special situations. The reason most educated people today don’t know
simulating quantum systems is important is because classical computers are
so bad at it that it’s never been practical to do. We’ve been living too early in
history to understand how incredibly important quantum simulation really

1S.

That’s going to change over the coming century. Many of these problems
will become vastly easier when we have scalable quantum computers, since
quantum computers turn out to be fantastically well suited to simulating
quantum systems. Instead of each extra simulated atom requiring a
doubling (or more) in classical computer memory, a quantum computer will
need just a small (and constant) number of extra qubits. One way of

thinking of this is as a loose quantum corollary to Moore’s law:

The quantum corollary to Moore’s law: Assuming both quantum and
classical computers double in capacity every few years, the size of the
quantum system we can simulate scales linearly with time on the best
available classical computers, and exponentially with time on the best

available quantum computers.

In the long run, quantum computers will win, and win easily.

The punchline is that it’s reasonable to suspect that if we could simulate
quantum systems easily, we could greatly speed up drug discovery, and the

discovery of other new types of materials.

I will risk the ire of my (understandably) hype-averse colleagues and say
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bluntly what I believe the likely impact of quantum simulation will be:
there’s at least a 50 percent chance quantum simulation will result in one or
more multi-trillion dollar industries. And there’s at least a 30 percent
chance it will completely change human civilization. The catch: I don’t
mean in 5 years, or 10 years, or even 20 years. I'm talking more over 100

years. And I could be wrong.
What makes me suspect this may be so important?

For most of history we humans understood almost nothing about what
matter is. That’s changed over the past century or so, as we’ve built an
amazingly detailed understanding of matter. But while that understanding
has grown, our ability to control matter has lagged. Essentially, we've relied
on what nature accidentally provided for us. We've gotten somewhat better
at doing things like synthesizing new chemical elements and new molecules,

but our control is still very primitive.

We're now in the early days of a transition where we go from having almost
no control of matter to having almost complete control of matter. Matter
will become programmable; it will be designable. This will be as big a
transition in our understanding of matter as the move from mechanical
computing devices to modern computers was for computing. What
qualitatively new forms of matter will we create? I don’t know, but the
ability to use quantum computers to simulate quantum systems will be an

essential part of this burgeoning design science.
Alright, enough speculation.

Let me also briefly mention the sober-minded conventional answer given to
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the question “what are quantum computers good for?” That answer is to list
various algorithmic problems that we have some evidence can be solved

faster on a quantum computer than on a classical computer.

The most famous example is Peter Shor’s beautiful quantum factoring
algorithm. To find the prime factors of an n-bit integer seems to be a very
difficult problem on a classical computer. The best existing algorithms are
incredibly computationally expensive, with a cost that rises exponentially
with n. Even numbers with just a few hundred digits aren’t currently
feasible to factor on classical computers. By contrast, Shor’s quantum
factoring algorithm would make factoring into a comparatively easy task, if

large-scale quantum computers can be built.

Factoring perhaps doesn’t seem like a very interesting application. But it
turns out that the ability to factor lets you break some of the most widely-
used encryption schemes, used by services such as Gmail and Amazon to
keep your communications private. This ability to break encryption has
made the world’s intelligence agencies very interested in factoring, and
they’ve poured enormous sums of money into quantum computing
research since the mid-1990s. Indeed, there’s a good (as yet unwritten)
history book to be written about how the rise of quantum computing was
caused by the interest of the world’s intelligence agencies in accessing

humanity’s private thoughts.

There’s been surprisingly little public reflection about this on the part of the
quantum computing community. I occasionally meet quantum computing
researchers who complain in private about what they perceive as privacy
violations by governments, and the dangers of surveillance states. But then

some of those same people will take money to help those governments in
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their plans for surveillance, usually with some transparently self-serving
justification about how they’re not really helping. One exception to this lack
of public reflection is a brief discussion in Ronald de Wolf’s thoughtful
essay The Potential Impact of Quantum Computers on Society (2017).

Are quantum computers really universal devices?

The eternal mystery of the world is its comprehensibility... The fact

that it is comprehensible is a miracle.

— Albert Einstein

At the beginning of this essay I asked whether there is any single universal
computing device that can efliciently simulate any other physical system?
We’ve learned that classical computers seem to have a lot of trouble

efficiently simulating quantum systems.

What about quantum computers? While they can certainly simulate many
quantum systems, does that mean they can be used to efficiently simulate

any physical system?
This question is an open problem! We don’t yet know the answer.

Part of the trouble in answering the question is that humanity hasn’t yet

discovered the final fundamental laws of physics. Modern physics is based
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on two astonishingly effective theories: Einstein’s general theory of
relativity, which describes how gravitation works; and the standard model
of particle physics, which explains how pretty much everything else

(electromagnetism, the strong and weak nuclear forces) work.

Trouble is, we don’t yet have a good theory of quantum gravity which
combines general relativity and the standard model. Without such a theory
of quantum gravity we're not able to answer the question of whether
quantum computers can efficiently simulate any other physical system.
Perhaps some future class of quantum gravitating computers, more
powerful even than quantum computers, will be needed to simulate

quantum gravity.

Let’s ask a slightly less ambitious question, which is whether we can use
quantum computers to efficiently simulate general relativity and the

standard model?

The standard model is an example of a particular type of quantum
mechanical theory called a quantum field theory. John Preskill and his
collaborators have written a series of papers!® explaining how to use
quantum computers to efficiently simulate quantum field theories. Those
papers don’t yet simulate the full standard model, but they do make
considerable progress. It remains an exciting open problem, albeit a

problem where much encouraging progress has been made.

In the case of general relativity, as far as I know the problem remains open.
Indeed, even stating what the problem means is not trivial. General
relativity supports the existence of closed timelike curves, which can be

used in some sense to send information back in time. This has interesting
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consequences for computation: there’s a way in which the computer can
know the results of future computations. Unsurprisingly, this changes what
is possible! Another complication is that when you talk about an “efficient
simulation” in computation you mean the time and space overhead isn’t too
large. But in general relativity even the basic units of space and time aren’t
so clear. It’s hard to say what efficiency means. Finally, near singularities
time and space get distorted in strange ways, again making it challenging to

say exactly what it means to do an efficient computation.

There is, by the way, significant issue that I've been sweeping under the rug,
and which may be bugging you: as ['ve explained it, a quantum computer
isn't a single computing device at all, since there are many possible quantum
circuits. This is okay, though, since there's a model known as the universal
quantum Turing machine, which is a single computing device, and which
can simulate any quantum circuit. So you should understand the discussion
above as being implicitly about the universal quantum Turing machine. I
won't explain the details of the universal quantum Turing machine in this
essay, since in practice the quantum circuit model is far more commonly
used. But if you're interested in the details, I recommend this paper by

Bernstein and Vazirani.

The existence of universal computers is easy to take for granted. But there’s
no a priori logical reason there should be a single machine that can
efficiently simulate every other physical system. It’s like being able to use
your car also as a surfboard, a supermarket trolley, and a rainforest®. Yet
the evidence so far suggests our universe does allow such universal
machines. It’s a good problem — and, so far as I know, largely unexplored —

to think about sets of laws of physics in which such a universal machine is
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not possible. That might sound pointless — why imagine other possible
universes? Yet exploring such radical counterfactuals is often an excellent

strategy for better understanding our own universe.

So there’s a very strange loop here. It’s that the laws of physics determine
what kind of computations can be done. And yet the kind of computations
which can be done seem to be powerful enough to describe the laws of
physics. And that description can then be used to (efficiently!) simulate any
physical system:

determine

/—_\# the kinds of computations
v\_/ which can be done

are powerful enough to
describe and simulate

the laws of physics

The top part of the loop is almost tautological. The bottom half of the loop
is extraordinary. There’s no a priori reason the laws of physics should enable
the existence of machines which can simulate physical systems. You might
argue on anthropic grounds — we humans are here in the universe, and
doing physics pretty successfully, so conditioned on that, it must be true.
But that’s not a very satisfactory explanation of why. It remains a mystery.
Einstein was right: the fact that the world is comprehensible at all is a

miracle.

Final Reflections
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We’'ve worked through all the basics of the quantum computing model, but
we haven'’t yet used it in a full-on application - the sort of application which
make people excited about quantum computing. But there will soon be
available two considerably shorter(!) followup essays, explaining the
quantum search algorithm and quantum teleportation. Someone who
understands all three essays will have a good understanding of elementary

quantum computing.

And what of the experimental mnemonic medium we’ve developed in this
essay? Mastering new subjects requires internalizing the basic terminology
and ideas of the subject. The mnemonic medium should radically speed up
this memory step, converting it from a challenging obstruction into a
routine step. Frankly, I believe it would accelerate human progress if all the
deepest ideas of our civilization were available in a form like this. Perhaps

some day.

With that said, memory is only part of what it means to understand. Is it
possible to build powerful environments which enable deeper forms of
understanding? That enable people to take action in new ways, to grow their
sense of agency and of ability to contribute? This requires many things
beyond memory: the ability to problem solve and to problem find; to
connect with opportunities that genuinely matter, and to find pathways for
meaningful contribution. We, the team at “Quantum Computing for the
Very Curious”, believe there are many powerful and under-exploited
patterns available to achieve these goals. In future projects we will explore
and develop these patterns. Some of this exploration will continue to be
done in the context of quantum computing. But we also hope to launch

projects discussing some of humanity’s other great challenges, including
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optimistic, detailed visions of problems such as space travel, climate change,

longevity, and the development of new forms of matter.

Thanks for reading this far. In a few days, you'll receive a notification
containing a link to your first review session. In that review session you’ll be
retested on the material you've learned, helping you further commit it to
memory. It should only take a few minutes. In subsequent days you'll
receive more notifications linking you to re-review, gradually working

toward genuine long-term memory of all the core material in the essay.

Thank you! Your progress will be
saved as you read.

https://quantum.country/gcvc?utm_source=chatgpt.com Pagina 92 de 93



Quantum computing for the very curious 17/10/25, 16:43

Acknowledgments
Michael Nielsen is supported by Y Combinator Research. This essay is based
in part on Michael’s earlier lecture series on Quantum Computing for the

Determined.

Citing this work

In academic work, please cite this as:

Andy Matuschak and Michael A. Nielsen, “Quantum Computing for the Very
Curious”, https://quantum.country/qcvc, San Francisco (2019).

Authors are listed in alphabetical order.

License

This work is licensed under a Creative Commons Attribution-
NonCommercial 3.0 Unported License. This means you're free to copy,
share, and build on this essay, but not to sell it. If you're interested in

commercial use, please contact us.

Last updated
March 18, 2019

See our User Agreement and Privacy Policy.

https://quantum.country/gcvc?utm_source=chatgpt.com Pagina 93 de 93


http://ycr.org/
http://michaelnielsen.org/blog/quantum-computing-for-the-determined/
http://creativecommons.org/licenses/by-nc/3.0/deed.en_GB
mailto:mn@michaelnielsen.org;andy@andymatuschak.org
https://quantum.country/terms

